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A cat-state is a superposition of two coherent states with amplitudes α0 and −α0. Recent ex-
periments create cat states in a microwave cavity field using superconducting circuits. As with
degenerate parametric oscillation (DPO) in an adiabatic and highly nonlinear limit, the states are
formed in a signal cavity mode via a two-photon dissipative process induced by the down conversion
of a pump field to generate pairs of signal photons. The damping of the signal and the presence of
thermal fluctuations rapidly decoheres the state, and the effect on the dynamics is to either destroy
the possibility of a cat state, or else to sharply reduce the lifetime and size of the cat-states that
can be formed. In this paper, we study the effect on both the DPO and microwave systems of a
squeezed reservoir coupled to the cavity. While the threshold nonlinearity is not altered, we show
that the use of squeezed states significantly lengthens the lifetime of the cat states. This improves
the feasibility of generating cat states of large amplitude and with a greater degree of quantum
macroscopic coherence, which is necessary for many quantum technology applications. Using cur-
rent experimental parameters for the microwave set-up, which requires a modified Hamiltonian, we
further demonstrate how squeezed states enhance the quality of the cat states that could be formed
in this regime. Squeezing also combats the significant decoherence due to thermal noise, which
is relevant for microwave fields at finite temperature. By modeling a thermal squeezed reservoir,
we show that the thermal decoherence of the dynamical cat states can be inhibited by a careful
control of the squeezing of the reservoir. To signify the quality of the cat state, we consider different
signatures including fringes and negativity, and the Cl1 measure of quantum coherence.
I. INTRODUCTION
Schrödinger raised the question of how to interpret a
macroscopic quantum superposition state in his essay of
1935 [1]. In his analysis, a macroscopic object (a cat)
becomes entangled with a microscopic system, creating a
paradoxical state that would seem to defy some type of
macroscopic reality. The paradoxical state is a superpo-
sition of two macroscopically distinguishable states, like
a cat being dead or alive. The essay has motivated many
papers, including [2–20]and those that develop decoher-
ence theories to eliminate the possibility of such super-
position states forming for massive objects [21].
It remains a challenge to generate a macroscopic super-
position where the two states involved are truly macro-
scopically different. According to quantum mechan-
ics, the coupling between the system and its environ-
ment tends to destroy the quantum coherence of the
superposition state, particularly as the two states in-
volved in the superposition become macroscopically dis-
tinct [2, 9, 22, 23]. Quantum mechanics however predicts
the existence of macroscopic superposition states, of arbi-
trary size, in the absence of decoherence. A fundamental
question is whether macroscopic quantum superpositions
states can actually exist, or whether quantum mechanics
needs modification. This provides motivation to gener-
ate superposition states of a larger size, and to test the
predictions of quantum mechanics in the presence of de-
coherence.
Cat states based on coherent states are promising for
such studies, as well as for applications in quantum in-
formation science [24–26]. A cat-state is a quantum su-
perposition of two single-mode coherent states with am-
plitudes α0 and −α0, which become widely separated in
phase space as α0 → ∞. Recent experiments are suc-
cessful at creating such states in a microwave cavity us-
ing superconducting circuits to enhance the nonlinearity.
Cat states with α0 ∼ 10 and a high measure of quan-
tum coherence have been generated in these experiments
[7, 8, 25]. The coupling of the system to the environment
induces decoherence however, which destroys the super-
position nature of the cat state as the separation in phase
space of the two coherent states becomes larger. Deco-
herence arises as a result of photon loss from the cavity
mode [27–31], and from thermal noise which is relevant at
microwave frequencies even at low temperatures [16, 32–
42].
In this paper, we demonstrate how squeezed states may
enhance the formation of cat states by modifying the de-
coherence. Squeezed states are single mode states of a
quantum field that have a variance in one quadrature
phase amplitude reduced below the standard quantum
limit [43, 44]. Such states have been extensively studied
[44–55] and were first created experimentally at optical
frequencies [56–61]. Caves proposed squeezed states as
a means to control the vacuum fluctuations entering the
input port of the LIGO interferometer, so that greater
sensitivities for detecting gravitational waves could be
achieved [44]. This has recently been implemented, and
there are numerous other potential applications (includ-
ing [61–68]).
Meccozi and Tombesi [64, 69], and Kennedy and Walls
[32] first suggested using squeezed states to engineer
the environment coupled to a macroscopic superposition
state, and showed that squeezing in an optimally selected
quadrature can suppress the decoherence that otherwise
destroys the cat state. This was further explored by
Munro and Reid [70], who studied the effect of a squeezed
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2reservoir on the dynamical creation of cat states gener-
ated in a highly nonlinear degenerate parametric oscil-
lator (DPO). That treatment however did not consider
cat states with amplitudes α0 > 10 and was limited to
a model applicable to optical rather than microwave sys-
tems.
We study the dynamical formation of cat states in a
more general description of a degenerate parametric oscil-
lator (DPO) and show that the use of squeezed states can
significantly increase the lifetime of the cat state in the
presence of decoherence. By including an extra Kerr term
in the Hamiltonian for the DPO, we are able to model
the current microwave experiments, thus providing full
solutions showing generation of cat states with α0 ∼ 2,
in both the optical and microwave regime. Our conclu-
sions are that the Wigner negativity can be enhanced
by a factor of order 2 for parameters corresponding to
current microwave experiments. While decoherence can
be slowed, the squeezed states have little effect on the
threshold nonlinearity required for the cat state to form.
The study of the dynamics of the formation of cat
states is motivated by potential application in quantum
information [24], and also by the development of the Co-
herent Ising Machine (CIM), an optimization device ca-
pable of solving NP-hard problems [71–76]. The CIM
is based on a network of DPOs which currently operate
mainly in an optical regime where the reduced nonlinear-
ity makes formation of cat states difficult. However, cat-
state regimes may offer advantages due to the enhance-
ment of quantum coherence. Recent proposals [77, 78]
and experiments [79] exist for generating cat-states in
a DPO, which may be applied to a DPO network for
adiabatic quantum computation [80–82] to solve these
NP-hard problems. The application of squeezed states
to the CIM has been more recently studied and shown to
potentially enhance performance [83, 84].
Cat states are predicted to be created in the signal
cavity mode of the DPO through a mechanism based on
a two-photon dissipative process [25, 27, 29, 30]. The
two-photon process originates from the parametric in-
teraction in which pump photons are down-converted to
correlated pairs of signal photons [85], and can be real-
ized in both optical and microwave cavities. However,
the presence of signal losses significantly alters the dy-
namics, so that a cat state is not generated unless there
is a very strong parametric nonlinearity [27, 31, 70, 86–
89]. While not yet feasible for optical modes, this can be
achieved for microwave superconducting circuit experi-
ments, where the cat-states are generated as a transient
state [25, 89]. In this paper, we study the dynamics of
the cat states and their decoherence as the signal losses
are increased. With squeezed input states into the cavity,
we then explain that although the threshold nonlinearity
is not reduced, decoherence can be compensated for to
allow cat states of longer lifetimes and with larger ampli-
tudes α0 to be formed,
Thermal noise also destroys the cat state, and we there-
fore investigate the effect of squeezed thermal reservoirs
on the feasibility of creating the cat states. We model
the squeezed inputs for temperatures corresponding to
the microwave experiment of Leghtas et al. [25]. We al-
low for both a thermalized squeezed reservoir, where the
cavity evolves coupled to a finite temperature environ-
ment [90], and also the input of a squeezed thermal state
[91], where the squeeze state is created using a finite tem-
perature source [52]. We show that an optimal amount of
squeezing will enhance the cat state that is formed. Our
work complements previous treatments by Kennedy and
Walls [32], Serafini et al [36, 37] and Bennett and Bowen
[41] who either analyze the effect of squeezing applied to
a cat state generated in an optomechanical cavity mode,
as in [92], or else examine cat states coupled to thermal
reservoirs where a squeezed thermal state is injected.
For any experimental situation, the cat states that are
generated are not pure states. This is particularly rele-
vant for the cat states generated in a cavity where signal
loss is important. As such, it is necessary to carefully
signify the existence and quality of the cat states [93].
In this paper, we certify cat states using three different
criteria: we use interference fringes [5, 9], the negativ-
ity of the Wigner function [94], and the Cl1 measure of
quantum coherence [95].
II. HAMILTONIAN AND MASTER EQUATION
WITH A SQUEEZED RESERVOIR
We begin by reviewing the model of degenerate para-
metric oscillation and the master equation formalism
whereby the interaction between the system and the ex-
ternal environment can be taken into account. The de-
generate parametric oscillator has two modes, the pump
mode and signal mode with a frequency of 2ω and ω re-
spectively. These modes are resonant in a cavity. An
external pumping field at the frequency 2ω creates pho-
tons in the pump mode, which in turn interacts with a
non-linear crystal that generates correlated pairs of pho-
tons in the signal mode at half the frequency of the pump
mode.
There is single-photon damping in both the signal and
pump modes with rates γ1 and γ2 respectively. These
damping rates model the leakage of photons out of the
cavity. We assume this takes place through an end-mirror
of the cavity. We consider a single-sided cavity for the
signal mode, where one mirror is totally reflecting, thus
not allowing signal photons to leak through. Typically,
the pump mode decay rate is much larger than the sig-
nal mode decay rate (γ2  γ1), which allows the pump
mode to be adiabatically eliminated. There is also a two-
photon loss process due to the conversion of two signal
mode photons back to a single pump mode photon.
The Hamiltonian that captures all these effects, after
carrying out the adiabatic elimination procedure, and
3also including a Kerr effect, is given by [85, 87, 88, 96]
H = i~
(
g¯
γ2
a†21 −
g¯∗∗
γ2
a21
)
+ ~χ¯a†21 a
2
1
+ a†1Γ1 + a1Γ
†
1 +
|g¯|2
4γ2
(
a21Γ
†
2 + a
†2
1 Γ2
)
. (1)
Here, g¯ is the parametric coupling strength between the
pump and signal, and χ¯ is an anharmonic Kerr effect
nonlinearity in the signal mode. The terms Γ1 and Γ2
are operators for the external reservoirs that give rise
to single-photon and two-photon loss processes respec-
tively, which also allows finite temperature effects to be
included.
Next, we discuss the nature of the environment that
interacts with the signal mode. This can be controlled
via the input field to the single end-mirror of the cavity,
which allows leakage of the signal cavity photons into the
external environment, and can be formalized using input-
output cavity theory [46–48, 97]. As shown by Gardiner
and Collett [97], a bath with quantum fluctuations cor-
responding to a squeezed state, at a frequency ω has the
following statistical moments:
〈Γ†1 (t) Γ1 (t′)〉 = 2γ1Nδ (t− t′)
〈Γ1 (t) Γ†1 (t′)〉 = 2γ1 (N + 1) δ (t− t′)
〈Γ1 (t) Γ1 (t′)〉 = 2γ1Me−2iωtδ (t− t′)
〈Γ†1 (t) Γ†1 (t′)〉 = 2γ1M∗e2iωtδ (t− t′) , (2)
where N is a positive, real number characterizing the
mean photon number of the state of the environment,
and M = |M |eiΦ is a complex number that charac-
terizes the nature of the squeezing. When M = 0,
the bath fluctuations are not squeezed. When M 6= 0 at
zero temperature, the reservoir is in a squeezed state cen-
tered around the frequency ω and N is the mean photon
number of the corresponding squeezed state. The link
between N and M depends on the precise model for the
squeezed reservoir that we adopt.
Thermal noise is a secondary source of decoherence
known to destroy the quantum coherence of the cat states
[32]. In this work, we mainly focus on the simple case
where a squeezed vacuum is applied to the system at
zero temperature, in which case N will be zero if there
is no squeezing the reservoir fluctuations. The zero tem-
perature limit is justified for optical frequencies where
thermal noise is low even at room temperature, and for
microwave systems is achievable by cooling.
However, to gain some insight into the sensitivity of
the quantum coherences on temperature, our equations
can allow for thermal noise, which may be modeled in
two ways. We may consider the reservoir to be a ther-
malized squeezed state or else a squeezed thermal state
[90, 91]. The statistics arising in each case, and the re-
sulting effects on the decoherence of an ideal cat state is
summarized in the Appendix. In both cases, the reser-
voir has a mean photon number N = Nth + Ns that is
a sum of a number Nth due to finite temperature, and
the photon number due to the squeezed state Ns. The
corresponding statistical moments can be expressed in
the form given by Eq. (2). However, for a squeezed
thermal state (defined by a squeezing interaction act-
ing on a system prepared initially in a thermal state),
the mean photon number contains a cross-term between
the squeezing and thermal noise contribution [90] which
leads to a stronger reduction in quantum noise. We note
that while thermal noise is significant at microwave fre-
quencies, squeezing at this frequency has been achieved
experimentally [52–54, 98, 99]. The states generated at a
finite temperature by some squeezing mechanism would
be modeled by a squeezed thermal state.
We may also justify the model of the reservoir for the
cavity field where Nth is due to the temperature T of the
environment of the cavity as the cat states evolve. Here
we suppose the squeezed fields to be generated at zero
temperature, so that the thermal noise Nth term is in-
dependent of the characterization of the squeezing that
enters the cavity. This model corresponds to a thermal-
ized squeezed reservoir.
We need to know how N and M relate to the amount
of squeezing of the reservoir input. For a squeezed state
produced at zero temperature from an optical parametric
oscillator, we have Nth = 0, and the values of Ns and M
are linked, the degree of squeezing being determined by
N . In particular, it is known that the optimal squeezing
produced from an optical parametric oscillator at zero
temperature is achieved when |M | = √Ns (Ns + 1) [32,
48, 66, 70, 97, 100]. To this end, we relate the amount
of squeezing in the quadrature to the parameters Ns and
M . Recall that the bath which interacts with the signal
mode is modeled by a harmonic oscillator satisfying a
set of noise correlations as given in Eq. (2). Defining
the general rotated Xθ and Pθ quadratures for this bath
mode as
Xθ ≡ 1√
2
(
Γe−iθ + Γ†eiθ
)
Pθ ≡ 1
i
√
2
(
Γe−iθ − Γ†eiθ) , (3)
we calculate the variances of Xθ and Pθ with squeezing,
with respect to their corresponding variances in Xθ and
Pθ of a vacuum state. They are, using the statistical
moments in Eq. (2), given by
∆2Xθ = 〈Γ†Γ〉+ 1 + 1
2
〈Γ2〉e−2iθ + 1
2
〈Γ†2〉e2iθ
= 2Ns + 1 + |M |
[
ei(Φ−2θ) + e−i(Φ−2θ)
]
∆2Pθ = 〈Γ†Γ〉+ 1− 1
2
〈Γ2〉e−2iθ − 1
2
〈Γ†2〉e2iθ
= 2Ns + 1− |M |
[
ei(Φ−2θ) + e−i(Φ−2θ)
]
, (4)
where M = |M | eiΦ as previously defined. Choosing M
so that Φ = 2θ and |M | = √Ns (Ns + 1), in the limit of
4large Ns, the variances of Xθ=0 = X and Pθ=0 = P are
∆2X ∼ 4
(
Ns +
1
2
)
∆2P ∼ 1
4Ns
. (5)
The fluctuations in the P -quadrature can be negligibly
small in this limit. From Eq. (4), squeezing in the
quadrature Pθ is obtained when Φ is chosen such that
Φ = 2θ. We will consider here θ = 0, so that M is real
and positive.
The full dynamics including all the effects discussed in
previous paragraphs is dictated by the master equation,
in the Markovian approximation, as given below:
∂
∂t
ρ =
|g¯|
2γ2
[
a†2 − a2, ρ]+ 1
2
(
g¯2
2γ2
)(
2a2ρa†2 − a†2a2ρ− ρa†2a2)− i χ¯
2
[
a†2a2, ρ
]
+ (Nth +Ns + 1) γ1
[
2aρa† − a†aρ− ρa†a]+ (Nth +Ns) γ1 [2a†ρa− aa†ρ− ρaa†]
−Mγ1 [2aρa− aaρ− ρaa]−M∗γ1
[
2a†ρa† − a†a†ρ− ρa†a†] . (6)
With no loss of generality, we can choose the phase of
g¯ such that g¯ = g¯∗∗ [31, 101]. Here, ρ is the den-
sity operator of the signal mode. It is convenient to
scale all parameters with respect to the signal mode
single-photon decay rate γ1. This defines a dimen-
sionless time τ = γ1t; a dimensionless pump strength
λ = |g¯| / (γ1γ2), dimensionless effective parametric in-
teraction g =
√
g¯2/ (2γ1γ2) and a dimensionless Kerr
strength χ′ = χ¯/γ1. Note that in the absence of single-
photon damping (γ1 = 0), the steady state solution for
the master equation (6) for an initial vacuum state cor-
responds to a cat state
|ψc〉 = N (|α0〉+ | − α0〉) (7)
where α0 =
√
λ/ (g2 + iχ′) =
√
λ/g2 (1 + iχ), χ ≡ χ′/g2
andN =
[
2
(
1 + e−2|α0|
2
)]−1/2
is the normalization con-
stant. This cat state has an even photon number as re-
quired for a two-photon process arising from the vacuum
[29, 30].
In the presence of damping, the master equation (6)
is best solved numerically. In this paper, the density op-
erator is expanded in the number state basis {|n〉} with
a suitable photon number cutoff, which allows cat state
signatures to be computed. With the dimensionless pa-
rameters, the master equation (6) in the number state
basis is reduced to a set of partial differential equations
of the form:
∂
∂τ
ρn,m =
∑
i
∑
j
Lijnmρi,j , (8)
where
Lijnm =
λ
2
√
n (n− 1)δin−2δjm +
λ
2
√
m (m− 1)δinδjm−2 −
λ
2
√
(n+ 1) (n+ 2)δin+2δ
j
m −
λ
2
√
(m+ 1) (m+ 2)δinδ
j
m+2
− iχ
′
2
[n (n− 1)−m (m− 1)] δinδjm + g2
√
(n+ 1) (n+ 2) (m+ 1) (m+ 2)δin+2δ
j
m+2 −
g2
2
[n (n− 1) +m (m− 1)] δinδjm
+ (Nth +Ns + 1)
[
2
√
(n+ 1) (m+ 1)δin+1δ
j
m+1 − nδinδjm −mδinδjm
]
+ (Nth +Ns)
[
2
√
nmδin−1δ
j
m−1 − (n+ 1) δinδjm − (m+ 1) δinδjm
]
−M
[
2
√
(n+ 1)mδin+1δ
j
m−1 +
√
(n+ 1) (n+ 2)δin+2δ
j
m +
√
m (m− 1)δinδjm−2
]
−M∗
[
2
√
n (m+ 1)δin−1δ
j
m+1 +
√
n (n− 1)δin−2δjm +
√
(m+ 1) (m+ 2)δinδ
j
m+2
]
. (9)
Here, δin is a Kronecker delta function with δin = 1 if
i = n and δin = 0 otherwise.
III. CAT-STATE SIGNATURES
In order to verify the presence of a cat state, we will
compute several different cat-state signatures. The ob-
5jective is to distinguish the cat state |ψcat〉 = N(|α〉 +
| − α〉) of Eq (7) (where α is real and N is a normaliza-
tion constant) from the classical mixture ρmix of the two
coherent states, given as
ρmix =
1
2
(|α〉〈α|+ | − α〉〈−α|). (10)
Alternative approaches to detecting macroscopic coher-
ence are available but are not employed in this paper
[93, 102–110]. These include signatures and measures for
macroscopic quantum coherence based on variances and
quantum Fisher information.
A. Interference fringes
A commonly used signature is the presence of in-
terference fringes. A rotated quadrature operator
is defined as xθ =
(
e−iθa+ eiθa†
)
/
√
2 and pθ =(
e−iθa− eiθa†) /√2i. In particular, θ = 0 and θ = pi/2
correspond to the standard x and p-quadrature opera-
tors, respectively. The xθ-quadrature probability distri-
bution P (xθ) for a density operator ρ =
∑
n,m ρnm|n〉〈m|
in the number state basis is given by
〈xθ|ρ|xθ〉 =
∑
n,m
ρnm〈xθ|n〉〈m|xθ〉 (11)
where
〈xθ|n〉 = e
−iθn√
2nn!
√
pi
e−
x2θ
2 Hn (xθ) . (12)
Observation of two well-separated Gaussian peaks in
P (xθ) along with interference fringes in P (pθ) gives ev-
idence of the system being in a cat-state as opposed to
the mixture of the two coherent states.
B. Wigner function negativity
We also compute the Wigner function and its negativ-
ity. It has been shown that the Wigner function in the
number state basis has the following expression [111, 112]
W (α, α∗) =
Nc∑
n
ρnnXnn + 2Re
(
e−2|α|
2
Nc∑
l=1
cl (2α)
l
)
,
(13)
where
cl =
Nc−l∑
n=0
ρn,l+n
2 (−1)n
pi
√
n!
(l + n)!
Lln
(
4 |α|2
)
. (14)
The corresponding negativity is defined as [94]
δ =
1
2
ˆ
[|W (α, α∗)| −W (α, α∗)] d2α . (15)
The Wigner negativity quantifies the non-classicality of
a physical state. If the Wigner function is positive, then
the Wigner distribution can be interpreted as a prob-
ability distribution for variable xθ and pθ, thus giving
an explanation for the observed quadrature distributions
P (xθ) and P (pθ). A nonzero negativity excludes this in-
terpretation [28, 89, 113]. The negativity Eq. (15) of a
pure, even (odd) cat state W+ (W−) is calculated from
the Wigner function [16, 89]
W± (α, α∗) =
2
pi
N 2± {exp [−2 (α∗ − α∗0) (α− α0)]
+exp [−2 (α∗ + α∗0) (α+ α0)]
±〈α0| − α0〉exp [−2 (α∗ − α∗0) (α+ α0)]
±〈−α0|α0〉exp [−2 (α∗ + α∗0) (α− α0)]} .
(16)
However, we note that it is possible to have a positive
Wigner function even when significant quantum coher-
ence exists, as shown in a previous work [16, 105]. Other
cat-state signatures have to be inferred in order to con-
clusively verify the existence of a cat-like state. We em-
phasize this by further pointing out that an impure cat
state or a broader class of mixtures can possess a non-
zero Wigner negativity.
C. Quantum coherence
With this motivation, we may also use quantum co-
herence as a signature of the cat state. The quantum co-
herence is quantified by a non-negative number, assigned
as a measure of the degree of coherence. Two particular
measures have been developed [95], the relative entropy
of coherence and l1 norm of coherence. Here, we consider
the l1 norm defined as
Cl1(ρ) =
∑
i 6=j
∑
j
|ρij | (17)
where ρ is the density operator and |i〉 a basis set. One
may evaluate the measure of total quantum coherence,
using the l1 norm quantum coherence measure defined
for continuous variables
Cl1 (ρ) ≡
∞ˆ
−∞
∞ˆ
−∞
|ρxx′ | dxdx′ −
∞ˆ
−∞
|ρxx| dx
=
∞ˆ
−∞
∞ˆ
−∞
|〈x|ρ|x′〉| dxdx′ −
∞ˆ
−∞
|〈x|ρ|x〉| dx (18)
Taking α0 to be real, we see that for the mixture,
Cl1 (ρmix) = 2
√
pi − 1, while for the cat state (7),
Cl1 (ρcat) = 8
√
piN − 1 (N =1/
[
2
(
1 + e−2|α0|
2
)]
is the
normalization factor previously defined). The quantum
6coherence for the mixture arises from the quantum coher-
ence of the coherent states |±α〉 involved in the mixture.
The quantum coherence for a cat state contains an extra
contribution due to the state being a macroscopic super-
position.
Quantum coherence does not indicate negativity of the
Wigner function and is thus a measure of a different
type of non-classicality. It has been shown that squeezed
states possess a high degree of quantum coherence, yet
also possess a positive Wigner function, thus admitting
local hidden variable theories for experiments involving
quadrature phase amplitude measurements.
D. Purity and number distribution
Finally, states created in the presence of signal damp-
ing, γ1 6= 0, will not be pure. A full discussion of this is
given in Refs. [27, 29–31, 88, 89]. The degree of purity
of the cat-like states that are created can be extracted
from the measure of purity P
P = Tr (ρ2) . (19)
In the limit of long times where there are signal cavity
losses, a system initially prepared in the vacuum state
will become equivalent to a nearly equal mixture of two
coherent states, and the long-time purity of the system
then approaches 50%. An indication of the purity of the
cat state is also given by the photon number distribution
P (n). This distribution P (n) has zero values for odd n
for the cat state (7), which is generated by the parametric
process from a vacuum initial state.
IV. DEGENERATE PARAMETRIC
OSCILLATION WITH A SQUEEZED RESERVOIR
A. Squeezed reservoir fields
From the master equation, Eq. (6), the free parameters
are the pump strength λ, the effective parametric interac-
tion g, the Kerr nonlinearity χ, the two parameters that
characterize the reservoir N and M , and the dimension-
less time τ . In particular, it has been shown, in the limit
of zero single-photon damping, that a cat-state formed is
given as (7) with amplitude is |α0| =
√
λ/g2
√
1 + χ2.
First, we take χ = 0, in which case the amplitude is
real. We assume zero temperature, T = 0, which is a
good approximation to the DPO at room temperature
for optical frequencies where thermal noise is negligible.
Here, we fix |α0| = 10 and g = 2.5, and study the ef-
fect of different squeezing strengths at zero temperature
(Nth = 0). The initial state of the system is taken to be
the vacuum state. Fig. 1 shows the evolution of the two
peaks in the x quadrature, reflecting the possible pres-
ence of the cat state. Here, given that the ideal cat state
has a real amplitude, as in Meccozi and Tombesi [64, 69],
0
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Figure 1. Effect of squeezed reservoirs on the cat state for-
mation in a highly nonlinear DPO without Kerr nonlinear-
ity, at zero temperature. The top plot (a) shows the x-
quadrature probability distribution as a function of time τ .
The case without squeezing (Ns = 0) and with squeezing
(Ns = 1, M =
√
2) share similar time evolution of the x-
quadrature probability distribution. The lower plots [(b) and
(b)] show the p-quadrature probability distribution (b) with-
out squeezing Ns = 0, and (c) with squeezing Ns = 1. The
parameters are g = 2.5, α0 = λ/g2 = 100, Nth = 0 and
M =
√
Ns (Ns + 1).
the optimal direction of squeezing in order to combat the
decoherence due to loss is directed along the P axis. This
corresponds to the choice that M is real and positive.
Fig. 1 shows the time evolution of the p-quadrature
probability distribution at zero temperature with and
without a squeezed input. We see that interference
fringes start to appear after τ = 0.005. However, for a
squeezed input, the interference fringes are more refined.
The visibility of the interference fringes is significantly
higher than the fringes without a squeezed reservoir at
the same dimensionless time τ . In Fig. 1, we see that
the x-quadrature probability distribution for the cases
with and without squeezing are similar. For real α0, the
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Figure 2. The effect of squeezed reservoirs on the cat-state
formation as shown by the photon number distribution. Plots
show the photon number probability distribution at times τ =
0.0075 [(a) and (c)] and the later time τ = 0.015 [(b) and
(d)]. The parameters are g = 2.5, λ/g2 = 100, Nth = 0
and M =
√
Ns (Ns + 1). Figs. (a) and (b) (top) correspond
to a reservoir with no squeezing. Figs. (c) and (d) (lower)
correspond to a squeezed reservoir (Ns = 1, M =
√
2), where
we see that the probability for an odd photon number is highly
suppressed.
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Figure 3. The time evolution of Cl1 at zero temperature
(Nth = 0) for different squeezing strengths. Parameters are
g = 2.5, λ/g2 = 100, χ = 0, and M =
√
Ns (Ns + 1). The
upper dashed horizontal line gives the value for a pure cat
state eq. (7), and the lower horizontal line gives the value for
a mixture (10).
existence of two peaks in the x-quadrature in Fig. 1 im-
plies well-separated coherent state amplitudes, while the
interference fringes in the corresponding p-quadrature in
Fig. 1 are an indication of the quantum nature of the
underlying state. These fringes rule out the possibility
of the state being in a classical mixture of two coherent
states with amplitudes ±α0. Clearly, from the Figures,
a squeezed input enhances the lifetime of the cat state.
According to Kennedy and Walls [32], the single pho-
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Figure 4. The effect of squeezed reservoirs on the cat-state
formation as shown by negativity and purity. The plots give
the Wigner negativity δ and purity P as a function of the
dimensionless time τ , for different degrees of squeezing, at
zero temperature Nth = 0. Ns is the mean photon number
of the squeezed state and M =
√
Ns (Ns + 1) determines the
strength of squeezing. Parameters are g = 2.5 and λ/g2 =
100. The upper dashed horizontal line in the top figure gives
the negativity value for a pure cat state eq. (7). The mixture
(10) has zero negativity.
ton loss can be totally suppressed if the condition lnNs 
2τint is satisfied, where τint is the dimensionless time of
interest before measuring the state of the system. We
note that this is only true for the zero temperature case.
In practice, the energy required to achieve the amount
of squeezing does not scale favorably with the number,
Ns. For instance, from Eq. (4), we see that the p-
quadrature is squeezed and a squeezing of 82.84% is
needed for Ns = 1 while a squeezing of 89.90% is needed
for Ns = 2. Hence, the amount of squeezing shown in
Figure 1 is Ns = 1 corresponding to ∆2P = 0.17∆2Pvac,
where ∆2Pvac = 1 is the variance of the p-quadrature for
a vacuum state.
The photon number distribution provides a clear per-
spective on why the interference fringes have higher vis-
ibility for a squeezed input. By comparing the pho-
ton number distribution at τ = 0.0075 and 0.0150 with
squeezing in Fig. 2(b, d) and without squeezing in Fig.
2(a, c), we see that the probability for an odd number
is suppressed in the presence of a squeezed reservoir. In
other words, the system retains a high probability to be
in an even cat-state for a longer time, as compared to the
case without the squeezed reservoir. The photon number
8distribution results suggest that the effect of the squeez-
ing is to maintain the purity of the state for longer times.
We quantify this by evaluating the quantum coherence,
negativity and purity, in Figures 3 and 4. The quantum
coherence and Wigner negativity signatures are improved
with the increase of squeezing in the reservoir.
The results for purity as in Eq. (19) are plotted in
Fig. 4. Larger squeezing in the input reservoir leads to
higher purity, at a given time. We note the dip in the
purity during the time evolution before increasing again.
This is also observed in the case where the initial and
final states are pure states, implying that the state during
evolution is not generally a pure one [29]. Eventually, for
long times, the purity approaches 50%, as the cat state
becomes a nearly equal mixture of two coherent states.
B. Large cat amplitudes
The results presented so far suggest that a fragile meso-
scopic/macroscopic quantum state could well be pre-
served under the influence of a squeezed reservoir. In the
following, we consider a large cat-like state with an am-
plitude |α0| = 20, which corresponds to a photon number
of 400, and investigate its quantum features. Again, we
take the vacuum state as an initial state. The results for
the time evolution of the p-quadrature probability distri-
butions for a large amplitude α0 = 20, for zero temper-
ature and χ = 0, are shown in Fig. 5. We compare the
results without squeezing and with significant squeezing
(N = 2, M =
√
6, ∆2p = 0.1∆2pvac). In accordance with
the earlier results for a smaller coherent amplitude in Fig.
1, we see an enhancement of the interference fringes in
the p-quadrature probability distribution when the reser-
voir is squeezed. Different to the case of no squeezing, the
interference fringes persist to the end of our simulation
at dimensionless time τ = 0.0050.
V. CAT-STATES FOR MICROWAVE FIELDS
WITH SQUEEZED-STATE RESERVOIRS
We now include the thermal contribution and com-
pare cases with and without a squeezed reservoir. While
thermal noise at room temperature for optical fields is
negligible, the effect of such noise is significant if present.
This helps us to understand the results for the microwave
regime, where thermal noise will be significant at room
temperature. For concreteness, we calculate the mean
thermal photon number at room temperature for the sig-
nal mode using the experimental parameters of Leghtas
et al. [25]. The signal mode frequency is taken to be half
the pump mode frequency, which is ωs = 2pi × 4.01GHz.
The mean thermal number is then given by the expression
Nth = 1/ [exp (~ωs/kT )− 1] ≈ 1522. At cryogenic tem-
peratures of T ∼ 100mK, Nth is of course much lower,
and therefore values of Nth = .05− 1 are more typical of
these experiments, but thermal effects can still be very
(a)
(b)
(c)
Figure 5. Formation of a large cat state in a DPO at zero tem-
perature with the aid of squeezing. The time evolution of the
x and p-quadratures without a squeezed reservoir are shown
in Plots (a) and (b). The time evolution with a squeezed
reservoir Ns = 2, Ms =
√
6 is shown (c). The plot for the x-
quadrature is indistinguishable from plot (a), with no squeez-
ing. The parameters are g = 2 and λ/g2 = 400 which corre-
sponds to a coherent amplitude of α0 = 20.
significant.
In the Appendix, we summarize results based on the
solutions of Kennedy and Walls [32], analyzing the de-
coherence of a system initially in a cat state, which is
then coupled to a thermal squeezed reservoir. We con-
sider both types of thermal squeezing. Without squeez-
ing, thermal noise increases the decoherence rate, and
the decoherence rate increases with the size α of the cat
state. With squeezing, the decoherence is slowed. How-
ever, for a reservoir in a thermalized squeezed state, one
cannot overcome the decoherence for finite Nth by simply
increasing the amount of squeezing. A different result is
obtained for the squeezed thermal input, where enhanced
9(a)
(b)
(c)
Figure 6. Effect of thermal noise. The time evolution the
x-quadrature without squeezing (Ns = M = 0) is given by
the top graph (a), and is unchanged for squeezing given by
Ns = 2, M =
√
6. The middle graph (b) shows the p-
quadrature without squeezing, and the lower graph (c) shows
the p-quadrature with squeezing Ns = 2, M =
√
6. Here
Nth = 0.5. The parameters are as for Figure 5.
squeezing will eventually reduce the decoherence. This is
expected, since in the latter, the thermal noise is from
the preparation of the squeezed state, and does not arise
from the immediate environment of the cavity.
A. Thermal effects on cat-states
First, we examine the case of a thermalized squeezed
reservoir, which models a system where the environment
is at finite temperature as the cat states evolve, but as-
suming the squeezed input is generated at zero temper-
ature. Results for the quadrature probability distribu-
tions and the photon number probability distributions
are shown in Figures 6 and 7 respectively. Even for
Nth ∼ 0.5 − 1, thermal noise has a dramatic effect in
enhancing the ratio of odd to even photon numbers, thus
(a) (b)
(c) (d)
Figure 7. Effect of thermal noise. The photon number prob-
ability distribution at τ = 0.0050 for the case (a) with-
out squeezing (N = 2, M = 0) and (b) with squeezing
(Ns = 2, M =
√
6), at a finite temperature, Nth = 0.5. The
non-Poissonian character is significantly reduced compared
to the case with zero temperature Nth = 0, plotted directly
below, for the same squeezing parameters Ns = 0 (c) and
Ns = 2,M =
√
6 (d).
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Figure 8. The time evolution of Cl1 at a finite temperature
corresponding to Nth = 1, for different squeezing strengths.
Parameters are g = 2.5, λ/g2 = 100, χ = 5, and M =√
Ns (Ns + 1), as in Fig. 11. The upper dashed horizon-
tal line gives the value for a pure cat state eq. (7), and the
lower horizontal line gives the value for a mixture (10).
reducing the purity. In the presence of thermal noise, the
squeezing parameters that allow significant improvement
of the fringe visibility at zero temperature are no longer
sufficient to suppress the loss of quantum coherence. The
plots in Figure 8 indicate that the effect of thermal noise
is not overcome by simply introducing a large amount
of squeezing, as consistent with the results given in the
Appendix. More optimistic results would be expected for
the squeezed thermal input.
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Figure 9. Formation of cat states using squeezed reservoirs for
the microwave system. The x′-quadrature probability distri-
bution and p′-quadrature probability distribution are plotted
as a function of dimensionless time τ , assuming zero temper-
ature Nth = 0 and with Kerr nonlinearity χ = 5. The pa-
rameters are g = 2.5, λ/g2 = 100. The amount of squeezing
is determined by M =
√
Ns (Ns + 1). Plot (b) is for Ns = 0
(no squeezing). Plot (c) is for Ns = 2, M =
√
6 (squeezing is
present). The x′-quadrature graphs (a) are indistinguishable
for each case.
B. Effects of Kerr nonlinearities
Next, we extend the study to a superconducting circuit
experiment where Kerr nonlinearity, represented by χ¯ in
equation (1), is present. Typically, thermal noise is not
negligible. As shown in previous work, [87–89], the Kerr
nonlinearity rotates the steady state about the origin in
phase space. We will see that thermal noise induces de-
coherence and shortens the cat-state lifetime.
In the presence of Kerr nonlinearity, the steady state
of the system in the limit of zero signal damping and
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Figure 10. The time evolution of the Wigner negativity (left)
and purity (right) at zero temperature (Nth = 0) and for χ =
5, for different squeezing strengths. Here, the parameters are
g = 2.5, λ/g2 = 100 and M =
√
Ns (Ns + 1). The negativity
value corresponding to the pure cat state eq. (7) is δ = 0.318
as shown in Figure 4. The mixture (10) has zero negativity.
Figure 11. The time evolution of the Wigner negativity (left)
and purity (right) at a finite temperature corresponding to
Nth = 1, for different squeezing strengths. Parameters are
g = 2.5, λ/g2 = 100, χ = 5, and M =
√
Ns (Ns + 1).
for an initial vacuum state corresponds to a cat state
with complex amplitude α0 = ±
√
λ/ (g2 + iχ′) [88]. The
interference fringes in this case are observed along the Pθ
quadrature, where θ is the phase angle of the complex
number α0 = |α0|eiθ. It is therefore desirable to have
the reservoir in a squeezed state along the direction of
the Pθ quadrature. This can be achieved by choosing
M = |M |e2iθ, as can be seen in Eq. (4), with |M | =√
Ns (Ns + 1) giving the optimal squeezing strength.
To study the effect of the squeezed reservoir, we first
consider the zero temperature case. In Fig. 9, we ob-
serve two Gaussian peaks along the direction of the x′-
quadrature, indicating the formation of two coherent am-
plitudes with opposite phases. As previously mentioned,
the quantum nature of the state is inferred from the p′-
quadrature probability distribution. Fig. 9 shows inter-
ference fringes. The visibility of these fringes is higher
with squeezing Ns = 2. This is confirmed by the time
evolution of the Wigner negativity as presented in Fig.
10. We see that the Wigner negativity is larger forNs = 2
as compared to Ns = 0, after the two peaks have formed
along the x′-quadrature around τ = 0.002. The corre-
sponding purity is also higher with squeezing.
However, the same figure shows a lower Wigner nega-
tivity and purity for a larger squeezing strength Ns = 5,
compared to that with Ns = 2. These results can be
understood by realizing that throughout the simulation,
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the reservoir squeezing is along the p′-quadrature and
anti-squeezed along the x′-quadrature, while the steady-
state of the system only reaches two coherent amplitudes
with opposite phases along the x′-quadrature after a cer-
tain time. In other words, before the system reaches the
steady-state the squeezed reservoir adds noise with a non-
optimal orientation . This is evident from the slightly
counter-intuitive result of lower Wigner negativities for
larger squeezing amplitudes, as shown in Fig. 10, before
the development of the two probability distribution peaks
along the x′-quadrature. In the case of finite tempera-
ture, the thermal bath contributes further extra noise to
the system. This is shown in Fig. 11, where the applica-
tion of the squeezed state with fixed direction has little
effect on the negativity.
Figure 12. The time evolution of the Wigner negativity (left)
and purity (right) at zero temperature, for different squeezing
strengths. Here, different to Fig. 10, the squeezed reservoir
only interacts with the system at the time of formation of the
two distinct peaks along the x′-quadrature. The vertical line
at τ = 0.002 is the time when the squeezed state is applied.
To overcome this effect, we can take two approaches.
First we allow the system to evolve without squeezing of
reservoirs until near the time for the two distinct peaks
in x′ to form. For the parameters of Figure 10, this corre-
sponds to τ ∼ 0.002. At that time, we include a squeezed
reservoir, the direction of squeezing being in the p′ direc-
tion. This models the insertion of a squeezed state into
the input port of a single-ended cavity. The results of
the simulation are shown in Fig. 12, where it is seen
that the squeezing gives an increased value of the nega-
tivity after that time. The second approach is to apply a
squeezed state that has a varying direction, to match at
a given time the direction p′ orthogonal to the rotating
amplitudes α0.
C. Squeezing effects with typical experimental
parameters
Next, we look at the effects of a squeezed reservoir
using experimental parameters for the superconducting
circuit experiment of Leghtas et al. [25]. Here we
evaluate g = 1.41 and χ′ = 1.01, giving an estimated
χ = χ′/g2 = 0.5 and |α0| = 2. The mean thermal pho-
ton number is very low, at Nth ≤ 0.05  1, which is
set here at Nth = 0.02. We present the x′-quadrature
(a)
(b)
(c)
Figure 13. The x′-quadrature (a) and p′-quadrature [(b) and
(c)] probability distributions as a function of dimensionless
time τ , at a finite temperature Nth = 0.02. Here, the coher-
ent amplitude is |α0| = 2. The parameters are g = 1.41 and
χ′ = 1.01, which are taken from the experiment of Leghtas et
al. [25]. Plot (b) is without squeezing, Ns = 0. Plot (c) is
with squeezing Ns = 0.5. The x′-quadrature probability dis-
tributions with and without squeezing are indistinguishable.
probability distributions in Fig. 13 and observe that the
two peaks along x′ do not become that well separated.
The simulation introduces the squeezed reservoir after
τ = 0.1, when the two peaks are starting to develop.
The effect of adding a squeezed reservoir, which was
not present in the original experiment, can be observed
in Fig. 13 where we show the time evolution of the
p′-quadrature probability distribution. Without the
squeezed reservoir, the p′-quadrature probability distri-
bution is Gaussian-like throughout the simulation. The
probability distribution with squeezing displays some
features of interference fringes, suggesting a quantum
state with larger non-classicality in the presence of the
12
Figure 14. The time evolution of (left) the Wigner negativity
and (right) purity. The parameters are identical to those given
in Figs. 13.
0 0.1 0.2 0.3
2
4
6
C l
1
N
s
 = 0
N
s
 = 0.5
N
s
 = 2.0
0 0.1 0.2 0.3
2
4
6
C l
1
N
s
 = 0
N
s
 = 0.5
N
s
 = 2.0
Figure 15. The time evolution of quantum coherence Cl1 for
the evolution of a cat-like state using parameters similar to
the experiment of Ref [25]. For each plot we show results with
squeezing (upper red solid line) and without squeezing (lower
blue solid line). The results for parameters similar to the ex-
periment (g = 1.41, Nth = 0.02, χ′ = 1.01) are shown in the
figure on the right. Parameters for the left figure are g = 1.41,
Nth = 0, χ′ = 0, and are given for comparison. In both fig-
ures, |α0| = 2 and M =
√
Ns (Ns + 1) when Ns 6= 0. The
upper horizontal dashed line gives the Cl1 value of the cor-
responding cat state. The lower dashed horizontal line gives
the Cl1 value for mixture of coherent states with amplitude
|α0| = 2.
squeezed reservoir. This is confirmed in Fig. 14 where
we compare the Wigner negativity and purity for the
case without and with squeezing. With squeezing, the
Wigner negativity has a larger value. Similarly, there is
an increase in the purity of the quantum state.
To probe the properties of the cat-like state that might
be generated in a potential experiment, we next calculate
the quantum coherence Cl1(ρ) for the transient cat-like
states versus time. For the purpose of comparison, Fig-
ure (8) gives the values of Cl1(ρ) for the pure cat state
and for the mixture ρmix of the two coherent states. As
explained in Section III, the quantum coherence for the
mixture arises from the quantum coherence of the coher-
ent states | ± α〉 involved in the mixture, whereas the
quantum coherence for the cat state contains the extra
contribution due to the state being a macroscopic super-
position. Figure 15 gives the Cl1(ρ) for the parameters
of the Leghtas et al experiment. Here, the quantum co-
herence is at 50% the value for an ideal cat state, signifi-
cantly above that of the mixture, and it can be seen that
the squeezing enhances the lifetime for a higher quantum
coherence. When squeezing is present, the Cl1 values
are higher, implying a higher degree of quantum coher-
ence. However, consistent with the observation that the
threshold features for the cat state cannot be significantly
altered by squeezing, we note that the effect of squeez-
ing saturates, in this case at Ns ∼ 0.5. Using the ex-
perimental parameters of Leghtas et al. [25], where the
signal mode frequency is ωs = 2pi × 4.01GHz, and the
expression Nth = 1/ [exp (~ωs/kT )− 1], a mean thermal
photon number Nth of 0.02 corresponds to a temperature
T ≈ 50mK.
VI. CONCLUSION
In this paper, we have demonstrated the feasibility of
using quantum squeezed states to enhance the macro-
scopic quantum coherence of dynamical cat states pre-
pared in a cavity through a nonlinear parametric inter-
action. Here, we have focussed on degenerate parametric
oscillation (DPO) in the limit of an adiabatically elimi-
nated pump mode, where a two-photon dissipative mech-
anism dominates. The cat state, which is a superposi-
tion of two coherent states with a pi phase difference, is
predicted to be created in the cavity signal mode from
an initial vacuum state, in the limit where there are no
losses in the cavity mode. A cat state is also predicted in
the microwave regime, where extra nonlinear terms are
present. The loss of photons from the cavity decoheres
the cat state. Thus, whether the cat state is formed or
not depends on the dynamical interplay of the quantum
nonlinear effect versus the signal decoherence.
We have found that it is possible to significantly limit
the effects of decoherence, by squeezing the input vac-
uum noise that enters the cavity port at the signal fre-
quency. This amounts to controlling the fluctuations of
the reservoir. The cat state then has a longer lifetime,
which enables the formation of cat states of a higher pu-
rity for the same experimental parameters. Our result is
consistent with earlier work on the decoherence of a pure
cat state, and extends previous treatments of the effect
of squeezing on cat states formed in the DPO system by
giving a broader range of parameters and implementing
different signatures, such as negativity and measures of
quantum coherence.
We obtain new results for the microwave system, which
is relevant to current experiments, and based on a differ-
ent Hamiltonian. We find that the direction of squeezing
is important. The enhancement occurs when the quan-
tum noise of the signal cavity input is squeezed in the
direction orthogonal to the axis connecting the ampli-
tudes of the two coherent states. This rotates with the
dynamics, and hence the squeezing direction needs to be
controlled. Ultimately, the direction is determined by
the type of nonlinearity, and whether an additional Kerr
effect is present.
Thermal noise also induces a decoherence of the cat
state and has a profound effect on the feasibility of cre-
ating the cat states in the dynamical system. In the
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microwave regime, cooling is necessary to observe the
formation of cat states. We have shown how the pres-
ence of squeezing enhances the quality of the cat state
that can be formed for systems at a temperature corre-
sponding to the microwave experiment of Leghtas et al
[25]. Our results are based on statistics modeled on a
squeezed thermalized reservoir, and are consistent with
earlier treatments [32, 36, 37], showing that while squeez-
ing can inhibit the thermal decoherence, the thermal de-
coherence cannot be completely overcome by further in-
creasing squeezing. This contrasts with the result in the
absence of thermal noise. On the whole, based on ana-
lytical calculations where one analyses the decoherence
of an ideal cat state coupled to a reservoir, we antici-
pate a more promising situation for a squeezed thermal
state input. This models a squeezed state generated from
a source at nonzero temperature, but requires that the
cavity be kept at zero temperature over the timescales
during which the cat state forms in the cavity.
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APPENDIX
1. Statistical moments for a squeezed thermal state
A squeezed thermal state has a corresponding density
operator [90, 91]
ρST = SρTS
†
=
1
1 +Nth
∑
n
(
Nth
1 +Nth
)n
S|n〉〈n|S† ,
where S() = exp
[(
∗Γ2 − Γ†2) /2] is the squeezing op-
erator,  = reiφ and Nth is the mean photon number
of a thermal state. The mean photon number for the
squeezed thermal state is
〈Γ†Γ〉 = Nth cosh 2r + sinh2 r ,
while other statistical moments are given by
〈Γ2〉 = −1
2
sinh 2reiφ (2Nth + 1)
and
〈Γ†2〉 = −1
2
sinh 2re−iφ (2Nth + 1) .
Compare these equations with the statistical moments
for the environment mode operators in Eq. (2), we see
that, for a squeezed thermal state,
N = Nth cosh 2r + sinh
2 r
M = −1
2
sinh 2reiφ (2Nth + 1)
=
1
2
(2Nth + 1) sinh 2re
i(φ−pi) .
In particular, for θ = 0, the variances ofX and P quadra-
tures as defined in Eq. (3) have the expressions:
∆2X =
(
Nth cosh 2r + sinh
2 r +
1
2
)
+
1
2
sinh 2r (2Nth + 1) cos (φ− pi)
∆2P =
(
Nth cosh 2r + sinh
2 r +
1
2
)
− 1
2
sinh 2r (2Nth + 1) cos (φ− pi) . (20)
In order to get a squeezing in the P quadrature, we set
φ = pi (M is real with amplitude (Nth + 1/2) sinh 2r) and
Eq. (20) is then
∆2X =
(
Nth +
1
2
)
e2r
∆2P =
(
Nth +
1
2
)
e−2r . (21)
We note that the thermal contribution is squeezed
(anti-squeezed) by the factor of e−2r (e2r). This means
that such thermal squeezing (if in the direction so as to
squeeze fluctuations in P ) would give significant enhance-
ment of the observed macroscopic quantum coherence.
We do not give explicit calculation of such enhancement
in this paper, but the calculations could be done in prin-
ciple by substituting for N and M .
2. Statistical moments for a thermalized squeezed
state
Fearn and Collett [90] defined a thermalized squeezed
state with a density operator in the coherent basis
(Glauber-P representation) as follows:
ρTS =
1
piNth
ˆ
d2β exp
(
−|β|
2
Nth
)
|β, 〉〈β, | ,
where |β, 〉 = D(β)S()|0〉 = S()D(γ)|0〉 is a displaced
squeezed state, D(β) is the displacement operator, S() is
the squeezing operator as defined in the previous section
and γ = β cosh r + β∗eiφ sinh r.
The mean photon number for the thermalized squeezed
state is
〈Γ†Γ〉 = sinh2 r +Nth
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and the statistical moments 〈Γ2〉 and 〈Γ†2〉 are
〈Γ2〉 = 1
2
sinh 2rei(φ−pi)
〈Γ†2〉 = 1
2
sinh 2re−i(φ−pi) .
Comparing these equations with the statistical moments
for the environment mode operators in Eq. (2), we see
that, for a thermalized squeezed state
N = Nth + sinh
2 r
M =
1
2
sinh 2rei(φ−pi) . (22)
For θ = 0 and φ = pi, the variances of X and P quadra-
tures as defined in Eq. (3) have the expressions:
∆2X = 2Nth + e
2r
∆2P = 2Nth + e
−2r . (23)
As opposed to the squeezed thermal state, the thermal
number Nth in Eq. (23) is not affected by the squeez-
ing operation, implying that the squeezing is weaker for
a thermalized squeezed state with the same squeezing
strength r as in the squeezed thermal state.
3. Effect of thermal noise on decoherence of a
system prepared initially in a cat state
Kennedy and Walls [32] investigated the effect
of squeezing on the probability distribution in-
terference fringes visibility. They considered an
initial cat state with a density operator ρ(0) =
N (e−ipi/4|α〉+ eipi/4| − α〉) (eipi/4〈α|+ e−ipi/4〈−α|).
The term in the probability distribution for xθ that
contributes to the interference fringes is found to be
proportional to |〈α| − α〉|η:
〈xθ|ρ(t)|xθ〉 ∝ |〈α| − α〉|η
= exp (−2|α|η) (24)
where
η = 1− e
−2γt
{1 + 2 [N + |M | cos (2θ + Φ)] (1− e−2γt)} ,
θ determines the phase quadrature xθ, and Φ is the
phase of the complex parameter M , as previously de-
fined. Here, N = Nth+Ns. For the cat state considered,
it is optimal to choose cos (2θ + φ) = −1.
We now summarize the results for the two types of
thermal states considered above. We examine results
for the type of squeezing that comes from a DPO, de-
noting the squeezing parameter by r, and where M =√
Ns (Ns + 1). For a thermalized squeezed bath, N =
Nth + sinh
2 r = Nth + Ns, r is the squeezing strength
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Figure 16. The term that contributes to the interference pat-
tern η as a function of γt. η = 0 demonstrates full visibility
of the interference fringes. The visibility is zero when η = 1.
This figure corresponds to a system with zero temperature.
Squeezing increases with r, the squeeze parameter.
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Figure 17. Here, η = 0 demonstrates full visibility of inter-
ference fringes. The visibility is zero when η = 1. This figure
corresponds to a squeezed thermal state at a finite tempera-
ture with Nth = 5.
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Figure 18. Here, η = 0 demonstrates full visibility of inter-
ference fringes. The visibility is zero when η = 1. This figure
corresponds to a thermalized squeezed state at a finite tem-
perature with Nth = 5.
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and |M | = 12 sinh 2r as calculated in the above. For a
squeezed thermal bath, N = Nth cosh 2r + sinh2 r and
|M | = 12 (2Nth + 1) sinh 2r. Figure 16 shows the deco-
herence where there is damping but no thermal noise,
so that Nth = 0. In this limit, the decoherence can be
totally suppressed for longer times for sufficiently strong
squeezing, where Ns →∞.
The results for a squeezed thermal state are given in
Figure 18. Here, we see on comparing (21) with (23)
that the effect on the squeezing variances is such that
the effect of the thermal noise term Nth for the squeezed
thermal state is itself reduced by increasing squeezing pa-
rameter. This arises because the technique of preparation
is to reduce, or squeeze, the thermal noise at the squeez-
ing source. From the figure, we see that with a sufficient
amount of squeezing it is possible to completely suppress
the decoherence due to thermal noise for this type of
squeezed thermal input.
Looking at the thermalized squeezed state, we find for
finite Nth and infinite squeezing
η → 1− e
−2γt
{1 + 2Nth (1− e−2γt)} (25)
For long times, η → 1− e−2γt{1+2Nth} . This shows that ther-
mal noise (where Nth is fixed) remains significant in in-
creasing decoherence. For short times, we obtain a linear
response of η with γt, η ∼ 4Nthγt. These features are ob-
served in Figure 17. Consistent with results reported by
Serafini et al [35–37], we also note that increasing squeez-
ing does not always lead to a decrease of decoherence over
a certain time.
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